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The elements of the contrained dynamics algorithm in the De Donder-Weyl
(DW) Hamiltonian theory for degenerate Lagrangian theories are discussed. A
generalization of the Dirac bracket to the DW Hamiltonian theory with second
class constraints (defined in the text) is presented.
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1. Introduction
In Refs.1–4 a generalization of the Poisson bracket to the De Donder-Weyl
(DW) Hamiltonian formulation5,6 in field theory (and the multiparametric
calculus of variations) has been proposed. It leads to a Gerstenhaber algerba
of brackets defined on specific horizontal differential forms (called Hamilto-
nian forms). The construction assumes that the corresponding Lagrangian
theory is regular (in the sense of DW Hamiltonian formulation):
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∣ 6= 0. (1)
However, many field theories of physical interests, such as spinor fields, are
not regular in the above sense. In this paper we discuss a corresponding
extension of the formalism to the degenerate case and generalize the above
mentioned Poisson-Gerstenhaber bracket similarly to the construction of
the Dirac bracket in the constrained systems with second-class constraints.7
Note that the regularity condition in the DW Hamiltonian formal-
ism is different from the one in the standard Hamiltonian formalism:
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∣ 6= 0, which involves only the time derivatives of fields
φ˙a. As a consequence, the theories which are regular from the point of view
of the DW formalism can be irregular from the point of view of the standard
Hamiltonian formalism and vice versa.
This work is motivated by the project of manifestly space-time symmet-
ric precanonical quantization of field theory8–11 based on the DW Hamilto-
nian formalism, which requires a well understood formalism for degenerate
theories on the classical level.
2. The polysymplectic structure and the
Poisson-Gerstenhaber brackets
In this section we briefly recall the construction and properties of the
Poisson-Gerstenhaber brackets in DW Hamiltonian formalism which are
used in the following section. For further generalizations and a detailed
geometrical treatment of the related issues I refer to the existing litera-
ture.12–17 Here I closely follow my previous work.2–4,10
The DW Hamiltonian formalism5,6 is a space-time symmetric general-
ization of the Hamiltonian formalism from mechanics to field theory. Given
the first order Lagrangian density L = L(ya, yaµ, x
ν) we introduce the vari-
ables (polymomenta)
pµa := ∂L/∂y
a
µ
and the DW Hamiltonian function
H := yaµp
µ
a − L = H(y
a, pµa , x
µ).
Then the Euler-Lagrange equations take the form
∂µy
a(x) = ∂H/∂pµa , ∂µp
µ
a(x) = −∂H/∂y
a, (2)
which is equivalent to the Euler-Lagrange field equations if L is regular in
the sense of Eq. (1).
Geometrically, classical fields ya = ya(x) are sections in the covari-
ant configuration bundle Y → X over an oriented n-dimensional space-
time manifold X with the volume form ω. The local coordinates in Y are
(ya, xµ). If
∧
p
q(Y ) denotes the space of p-forms on Y which are annihilated
by (q+1) arbitrary vertical vectors of Y , then
∧n
1 (Y )→ Y generalizes the
cotangent bundle and serves as a model of a multisymplectic phase space6
which possesses the canonical n-form structure
ΘMS = p
µ
ady
a ∧ ωµ + p ω (3)
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called multisymplectic, where ωµ := ∂µ ω are the basis of
∧n−1 T ∗X .
A section p = −H(ya, pµa , x
ν) yields the multidimensional Hamiltonian
Poincare´-Cartan form ΘPC .
In order to introduce the Poisson brackets which reflect the dynami-
cal structure of DW Hamiltonian equations (2) we need a structure which
is independent of p or a choice of H . We define the extended polymo-
mentum phase space as the quotient bundle Z:
∧n
1 (Y )/
∧n
0 (Y )→ Y. The
local coordinates on Z are (ya, pνa, x
ν) =: (zv, xµ) = zM . We intro-
duce a canonical structure on Z as an equivalence class of forms Θ :=
[pµady
a ∧ωµ mod
∧
n
0 (Y )]. The polysymplectic structure on Z is defined as
an equivalence class of forms Ω given by
Ω := [dΘ mod
∧n+1
1 (Y )] = [−dy
a ∧ dpµa ∧ ωµ mod
∧n+1
1 (Y )]. (4)
The equivalence classes are introduced as an alternative to the explicit
introduction of a non-canonical connection on the multisymplectic phase
space in order to define the polysymplectic structure as a “vertical part” of
the multisymplectic form dΘMS . The fundamental constructions, such as
the Poisson bracket below, are designed to be independent of the choice of
representatives in the equivalence classes and the choice of a connection.
A multivector field of degree p,
p
X ∈
∧p TZ, is called vertical if
p
X F =
0 for any form F ∈
∧
∗
0(Z). The polysymplectic form establishes a map of
horizontal p−forms
p
F∈
∧p
0(Z), p = 0, 1, ..., (n − 1), to vertical multivector
fields of degree (n− p),
n−p
X F , called Hamiltonian:
n−p
X F Ω = d
p
F . (5)
The forms for which the map (5) exists are also called Hamiltonian. More
precisely, horizontal forms are mapped to the equivalence classes of Hamil-
tonian multivector fields modulo the characteristic multivector fields
p
X0:
p
X0 Ω = 0, p = 2, ..., n. It is important to note that the space of Hamilto-
nian forms is not stable with respect to the exterior product. The natural
product operation of Hamiltonian forms is the co-exterior product
p
F •
q
F := ∗−1(∗
p
F ∧ ∗
q
F ) (6)
which is graded commutative and associative.
The Poisson bracket of Hamiltonian forms is given by the formula
{[
p
F 1,
q
F 2 ]} = (−1)
(n−p)
n−p
X 1 d
q
F 2 = (−1)
(n−p)
n−p
X 1
n−q
X 2 Ω. (7)
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In fact, it is induced by the Schouten-Nijenhuis bracket [[ , ]] of the corre-
sponding Hamiltonian multivector fields:
−d{[
p
F,
q
F ]} := [[
n−p
X ,
n−q
X ]] Ω. (8)
The algebraic properties of the bracket are summarized in the following
Theorem 2.1. The space of Hamiltonian forms with the operations {[ , ]}
and • is a (Poisson-)Gerstenhaber algebra , i.e.
{[
p
F,
q
F ]} = −(−1)g1g2{[
q
F ,
p
F ]},
(−1)g1g3{[
p
F, {[
q
F,
r
F ]} ]} + (−1)g1g2{[
q
F, {[
r
F,
p
F ]} ]} (9)
+ (−1)g2g3{[
r
F, {[
p
F,
q
F ]} ]} = 0,
{[
p
F ,
q
F •
r
F ]} = {[
p
F ,
q
F ]} •
r
F + (−1)g1(g2+1)
q
F • {[
p
F,
r
F ]},
where g1 = n− p− 1, g2 = n− q − 1, g3 = n− r − 1.
The graded Lie algebra properties are induces by the graded Lie proper-
ties of the Schouten-Nijenhuis bracket. The graded Leibniz property is a
consequence of the Fro¨licher-Nijenhuis classification of graded derivations
adapted to the co-exterior algebra of forms.
Let us mention a few applications of the Poisson-Gerstenhaber (PG)
brackets. They enable us to identify the pairs of canonically conjugate vari-
ables which may become a starting point of quantization:
{[pµaωµ, y
b ]} = δba, {[p
µ
aωµ, y
bων ]} = δ
b
aων , {[p
µ
a , y
bων ]} = δ
b
aδ
µ
ν . (11)
In fact, geometric prequantization of PG brackets has been discussed in
our previous paper.10 The brackets can be used also in order to write the
DW Hamiltonian equations in the bracket form: for any Hamiltonian (n−
1)−form F := Fµωµ the equations of motion take the form
d•F = −σ(−1)n{[H,F ]}+ dh•F, (12)
where d• denotes the “total co-exterior differential”
d•
p
F :=
1
(n− p)!
∂MF
µ1 ... µn−p∂µz
Mdxµ • ∂µ1 ... µn−p ω, (13)
dh is the “horizontal co-exterior differential”:
dh•
p
F :=
1
(n− p)!
∂µF
µ1 ... µn−pdxµ • ∂µ1 ... µn−p ω, (14)
and σ = ±1 for the Euclidean/Minkowskian signature of the base manifold
X . Consequently, the conservation of the quantity represented by (n− 1)-
form F is equivalent to the condition {[H,F ]} = 0.
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3. The constrained dynamics and the Dirac bracket of
forms
The violation of the regularity condition (1) implies the noninvertibility of
the space-time gradients of fields φaν as functions of the field variables φ
a
and polymomenta pνa. In this case the polymomenta are not all independent,
and there exist relations
CA(φ
a, pνa) = 0 (15)
that follow from the definition of the polymomenta and the form of the
Lagrangian. The conditions (15), as usual, will be called primary con-
straints to emphasize that the field equations are not used to obtain
these relations and that they imply no restriction on the field variables and
their space-time gradients.
The canonical DW Hamiltonian function is now not unique. It can be
replaced by the effective DW Hamiltonian function which is weakly equal
to H :
H˜ := H + uACA ≈ H. (16)
In the present approach we restrict our attention to the constraints which
can be organized into Hamiltonian (n− 1)−forms
Cm = C
µ
mωµ. (17)
In this case the effective Hamiltonian can be written as
H˜ := H + um • Cm, (18)
where the Lagrange multipliers are organized into one-forms um.
Definition 3.1. A dynamical variable represented by a semi-basic Hamil-
tonian form F of degree |F | = f is said to be first class if its PG bracket
with every constraints (n− 1)-form Cm weakly vanishes,
{[F,Cm ]} ≈ 0. (19)
Definition 3.2. A semi-basic Hamiltonian form F is said to be second
class if there is at least one constraint such that its PG bracket with F
does not vanish weakly.
Proposition 3.1. The first-class property is preserved under the PG
bracket operation, i.e. the PG bracket of two first-class Hamiltonian forms
is first class.
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Proof. If F and G are first class, then
{[F,Cm ]} = f
n
m • Cn, {[G,Cm ]} = g
n
m • Cn (20)
for some (f +1)-forms fnm and (g+1)-form g
n
m, where |G| = g, |F | = f . By
the graded Jacobi identity
−(−1)dG{[Cm, {[F,G ]} ]} = (−1)
dF {[F, {[G,Cm ]} ]}+(−1)
dFdG{[G, {[Cm, F ]} ]},
where dG := n− g− 1, dF := n− f − 1. Using Eq. (20), the graded Leibniz
rule, and the graded antisymmetry of the bracket in the right hand side,
we obtain
(−1)dG{[F, gnm • Cn ]} − (−1)
dF dG+dF {[G, fnm • Cn ]} ≈ 0.
Thus,
{[Cm, {[F,G ]} ]} ≈ 0
for any first class Hamiltonian forms F and G.
Next, we consider the necessary condition for the conservation of the
constraints Cmforms : d • Cm = 0 (c.f. Eq. (12)). They give rise to the
necessary consistency conditions
{[H˜,Cm ]} = {[H,Cm ]}+ u
n • {[Cn,Cm ]} ≈ 0, (21)
where un are one-form coefficients. Eq. (21) can either impose a restric-
tion on the u’s or it may reduce to a new relation independent of the u’s.
In the latter case, i.e. if the new relation between p’s and φ’s is indepen-
dent of the primary constraints, it will be called a secondary constraint,
in accordance with the conventional terminology introduced by Dirac and
Bergmann.
While the primary constraints are merely consequences of the definition
of the polymomentum variables, the secondary constraints make use of the
equations of motion (the DW Hamiltonian field equations) as well. If there
is a secondary constraint written as an (n − 1)-form Bm(φ, p) := B
µ
mωµ
appearing, a new consistency condition in the form (21)
{[H,Bm ]}+ u
n • {[Bn,Cm ]} ≈ 0 (22)
must be imposed. Next, we must again check whether Eq. (22) implies new
secondary constraints or whether it only restructures the u’s, and so on. It
is similar to the standard procedure originally proposed by Dirac.
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The second-class constraints are present whenever the (n−1)−form
valued matrix
Cmn := {[Cm,Cn ]} (23)
does not vanish on the constraints surface. As usual, when computing
Cmn we must not use the constraints equations until after calculating
the Poisson-Gerstenhaber bracket. For simplicity, we assume that the con-
straints are irreducible and the rank of Cmn is constant on the constraints
surface. Since Cmn is a nonsingular matrix whose components are (n− 1)-
forms, its “inverse” C−1mn exists such that
C
−1
mn ∧ Cnk = δmk ω. (24)
The components of C−1mn are one-forms. The key observation is that
Proposition 3.2. For any Hamiltonian form F we can construct a new
Hamiltonian form F ′ ≈ F ,
F ′ := F − σ{[F,Cm ]} • (C
−1
mn ∧ Cn), (25)
which has vanishing brackets with all second class constraints.
Here, σ is the signature of the metric whose appearence will be clarified
later. The parentheses in Eq. (25) are important because the algebraic sys-
tem of exterior forms equipped with two products ∧ and • is not associa-
tive.
Proof. Using the (graded) Leibniz rule with respect to the •-product,
which is fulfilled by the Poisson-Gerstenhaber bracket of Hamiltonian forms,
we obtain
{[F ′,Ck ]} = {[F,Ck ]} − σ{[{[F,Cm ]} • (C
−1
mn ∧ Cn),Ck ]}
= {[F,Ck ]} − σ{[F,Cm ]} • {[C
−1
mn ∧ Cn,Ck ]}
− σ{[{[F,Cm ]},Ck ]} • (C
−1
mn ∧ Cn). (26)
As the last term weakly vanishes,
{[F ′,Ck ]} ≈ {[F,Ck ]} − σ{[F,Cm ]} • {[C
−1
mn ∧ Cn,Ck ]}. (27)
Let us consider the bracket
{[Ck,C
−1
mn ∧ Cn ]} = −£XCk (C
−1
mn ∧ Cn), (28)
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where £XCk is the Lie derivative with respect to the vector field XCk asso-
ciated with the Hamiltonian form Ck via the correspondence given by the
polysymplectic form Ω:
XCk Ω = dCk
(c.f. Eq. (7)). As the Lie derivative is a derivation on the ∧-algebra,
{[Ck,C
−1
mn ∧ Cn ]} = −£XCk (C
−1
mn) ∧ Cn − C
−1
mn ∧£XCk (Cn), (29)
we obtain
{[Ck,C
−1
mn ∧ Cn ]} ≈ C
−1
mn ∧ {[Ck,Cn ]} = −C
−1
mn ∧ Cnk = −δmk ω. (30)
Further, using ∗ω = σ, so that for any form F : F • ω = σF, we obtain
{[F ′,Ck ]} ≈ {[F,Ck ]}−σ{[F,Cm ]} • δmkω = {[F,Ck ]}−σ
2{[F,Ck ]} = 0. (31)
Hence,
{[F ′,Ck ]} ≈ 0.
Now, following a well known way of introducing the Dirac bracket, we
may try to define it as {[F ′, G′ ]}. Though F ′ ≈ F and G′ ≈ G, the bracket
{[F ′, G′ ]} is not weakly equal to {[F,G ]} and the desired properties
{[F ′, G′ ]} ≈ {[F ′, G ]} ≈ {[F,G′ ]} (32)
are satisfied if F and G have the degree (n− 1). In this case we obtain the
following formula for the analogue of the Dirac bracket
{[F,G ]}D := {[F,G ]} − σ{[F,Cm ]} • (C
−1
mn ∧ {[Cn, G ]}). (33)
The properties of the bracket (33) are described by the following
Proposition 3.3. The Dirac bracket of any Hamiltonian (n-1)- form with
a second class constraint vanishes.
Proof. The statement follows from Eq. (32) and Proposition 3.2.
Proposition 3.4. The Dirac bracket fulfills the Lie algebra properties
{[F,G ]}D ≈ −{[G,F ]}D,
{[{[F,G ]}D,K ]}D + {[{[G,K ]}D, F ]}D + {[{[K,F ]}D, G ]}D ≈ 0. (34)
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Proof. These weak identities follow from the properties of the Poisson-
Gerstenhaber bracket in Theorem 2.1 and Eq. (32).
The space of Hamiltonian (n− 1) forms on which the bracket has been
defined is not closed with respect the product operations • and ∧. We,
therefore, can not discuss the Leibniz property without extending the space
of forms. A minimal extension would involve forms of degree 0 or n. Let us
extend the definition of the bracket in Eq. (33) to the case when one of the
arguments is a 0-form k (the bracket of two 0-forms vanishes identically):
{[F, k ]}D = {[F, k ]} − σ{[F,Cm ]} • (C
−1
mn ∧ {[Cn, k ]}). (35)
Then the following analogues of the Leibniz property follow:
{[F, kG ]}D = {[F, k ]}DG+ k{[F,G ]}D, (36)
{[F, kl ]}D = {[F, k ]}Dl + k{[F, l ]}D. (37)
The Leibniz properties for the •−multiplication with n-forms are similar
because F • kω = σkF .
4. Conclusion
We presented a generalization of the Dirac constrained dynamics al-
gorithm and a generalization of the Dirac bracket formula to the De
Donder-Weyl Hamiltonian formalism of degenerate Lagranigian theories.
The Dirac bracket is defined for dynamical variables given by Hamiltonian
(n − 1)−forms if the constraints can also be organized into Hamiltonian
(n − 1)−forms. A possible generalization to forms of arbitrary degree and
non-Hamiltonian forms remains an open issue. We also left beyond the scope
of our discussion a possible geometrical interpetation of the construction in
terms of the restriction of the polysymplectic structure to the subspace of
constraints.
Let us recall that in the geometric calculus of variations the issues re-
lated to the degeneracy of the Lagrangian can be treated with the help
of Lepagean equivalents of the Cartan form19 which effectively modify the
definitions of polymomentum variables and the corresponding regularity
conditions. It would be interesting to understand if our formal Dirac-like
treatment of constraints in the DW theory could be understood geomet-
rically using the theory of Lepagean equivalents. Yet another promising
approach to the geometrical undertanding of the formalism could be based
on the extension of the Cartan form to the constrained variational problems
as presented in Ref.20
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Note in conclusion, that the approach developed here can be applied
to the Dirac spinor field21 which is a singular theory with second-class
constraints from the point of view of the DW Hamiltonian formulation.
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